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LETTER TO THE EDITOR 

The q-boson realizations of the quantum group U,(sl(n + 1, C)) 
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Technical University of Prague, Trojanova 13, 1ZOW Prague 2, Czechoslovakia 
D Institute of Geotechnics, Czechoslovak Academy of Sciences, V Holebovi6Mch 41, 
18209 Prague 8, Czechoslovakia 
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Abstract. We give explicit expression of recurrency formulae of canonical realization for 
quantum enveloping algebras U , ( l (n  + 1, C)). In these formulae the generators of the 
algebra U,(sl(n+ 1, C)) areexpressed bymeansofn-canonical q-boson painoneauxiliary 
representation of the algebra U,(gl(n, C)). 

In a recent paper, Fu and Ge (1992) gave a general method to construct the q-boson 
realizations of quantum algebras from their Verma representations. The method was 
illustrated on two examples of algebras U,(s1(2, C)) and U,(s1(3, C)). In the case of 
Lie algebras this method was formulated by Burdik (1985) and some generalization 
for UJsl(2, C)) by Burdik and Navritil (1990). 

In this letter we are devoted to studying explicitly the general case U,(sl(n+ 1, C)). 
Because it is difficult to write down the explicit expression of its Verma representation 
we use the recurrency from U,(gl(n+l, C)) to U,(gl(n, C)). 

In final formulae the generators of the algebra U,(sl(n + 1, C)) are expressed by 
means of n-canonical boson pairs and auxiliary representation of the algebra 
U,(gl(n, C)). We can then obtain the pure q-boson realizations after recurrency. 

Very similar formulae were used in our paper (Burkik et al 1992) for construction 
of irreducible highest weight representations of quantum groups U,(gl(n + 1, C)). 

Now it is clear (Fu and Ge 1992) that we can use these formulae for construction 
of parametrized cyclic representations starting from cyclic representations of q- 
deformed Weyl algebra. We will study the irreducibility of these representations and 
the results will be published. 

We believe that our recurrency method can be used to construct g-boson realizations 
for deformations of other semisimple Lie algebras as well, and some positive indication 
for deformation of B, and D. have already been obtained. 

The q-Weyl algebras are defined as associative algebras W; over C generated by 
b+, b, and qlN satisfying (Hayshi 1990) 

N - N -  - N  N -  bbi- q-b'b = g*N 4 4 - q  9 -1  

qNb*qmN =q*b* ( b - =  b )  

which degenerates to the usual W algebras in the limit q + 1. 
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The n-pairs Weyl algebra we obtain as 

w;.= w;o w;o.. .@ w,g n times 
and the different pairs commute. 

for i = 1, . . . , n, and the relations 
The quantum group U,(sl(n + 1, C)) is defmed by the generators k,, k;', e, and f; 

kT1k, = 1 k,S = hk, 
kjejkT' =quite, kdk;'  = qfiall 

I s , e j l = [ f ; , & I = O  for ti- j l>  2 

efe,,' - ( q +  q-')e,e,, ,ei+ e,,,ef = O  

f l f ; * 1 -  ( 9  + q-L)fJ*lf; + L * d  = 0 
where 
aji=O for l i - i l 22 .  

-,,...,n is the Cartan matrix of U,(sl(n+ C) ) ,  i.e. a,, =2, a,Al,, = -1 and 
. .. 

The generators e,, f; correspond to the simple roots. According to Rosso (1988) 
and Burroughs (1990) we introduce the generators 

X .  = e. 
and recurrently 

The generators k,, k r ' ,  e,, f; for i = l , 2 , .  . . , n - 1  and k,, form a subalgebra in 
U,(sl(n+ 1, C ) )  and evidently it is U,(gl(n, C ) ) .  We add to this subalgebra the 
generator I. and we obtain again the subalgebra which we will denote A. 

X,=e ,X .+ l -qXr+ le ,  for r =  1,. . . , n -  1. (2) 

There exists a very simply representation q5 of  A in U,(gl(n, C)) 
6(dr=z .Y4(L)Y=O forany z , y ~  U,(gl(n, C) ) .  

U , W n  + 1, C ) ) ( A @ z -  l @ + ( A ) z ) z ~  U,(gl(n, C ) )  

It is a left regular representation. Because 

is an invariant subspace of the left regular of U,(sl(n+l,  C)) we can define a 
generalized Verma representation p as a factor representation of the left regular of 
U,(sl(n+ 1, C)) with respect to this subspace. 

The representation space of the representation e is given by 

V ( L )  =(x")yx"-,)"-1. .  . (xl~"wuq(gl(fl,  C) ) .  

We will denote 

Im)@w=\m., mn-] ,  . . . , ml)@ w = ( X n ) m ~ ( X n - , ) m ~ - ~ .  . . (x , )" '@w 

r(b:) lm)@w =Im+ l , ) @ w  =Imn,. . . , m, + 1,. . . , m,)@w 
r (b , ) lm)@w= [m,lq[milqlm-li)Ow 

where w E U,(gl(n, C)) and define the representation r of W,,., on V(A.) by 
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Now for explicit construction we will need the commutation relations X j  with e., f; 
and k,. Starting from here we wiU take r < n. 

Evidently 

e,X, = Xse, for r c: s-1  (4) 

because in X,  are included only e, for f > s+ 1 which commute with e,. For further 
calculation the following lemma will be useful. 

Lemma 1. For r c n it is valid 

e%,+, - ( 9  + q-1)e,X,+,e ,+X,+14 = 0. 

Proox For r =  n - 1  it is true from the definition of (1). Now by an induction, we 
suppose it is valid for r = k +  1 and, calculating 

- (9 + q-l)eak+lek + x k + l e :  

from a definition X k + , ,  we obtain 

e:(ek+lxk+2- qxk+2ek+l) - ( q  + q-%k(ek+lXk+Z- qxk+2ek+r)ek 
2 + ( e k + l x k + 2 -  qXk+2ek+l)ek. 

From (4) e, commute with X,,, and we have 

Simply from lemma 1 we obtain 

e ,x ,=  e:X,+l-qe,X,+le,= q-'(e,X,+,-qX,+,e,)e, 

= q- 'Xp,  ( 5 )  

for r < n. 
Similarly it is possible to prove that 

e,X, = Xse, for r +  1 > s. (6) 
We will continue the calculation of commutation between 5 and X,. 

From the definition (4) and the commutation relations ( I )  we have 

fx = X J ,  fors>r.  (7) 
If r = s the calculation is more complicated than using the definition and the above 
relations give 

13, =51erX,+l -qX,+,e,) 
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and finally we obtain 

f ,Xr=Xf ,+X,+ ikr .  (8) 

In the last case, s < r, then e, andf, commute and if we use the definition of X, we obtain 

f,X =x&+e,[f,,x,+ll-s[f,,X~+rle,. 

f ,X,- ,  = X d ,  + e,-,x,+, S - qX,+ISe,-l 

If we put s = r - 1  we have 

= X,- ,f, + Xr+ (er- S - qk+l) = X,- I f,. 

By a simple induction we prove 

LXS = X& for s < r. ( 9 )  

Now we have all the commutation relations which we need for the explicit construction 
of representations e. The next lemma gives the explicit form of the commutation 
relations e,, ft and k, with X;.l 

Lemma 2. For r < n it is valid 

e,X? = q-"PX?e, 

e,XF =X,".e, 

e,rX,+,sm+' = [ m , + l ~ q ~ Y ; i l - l ~ , +  qm-+axY;:.;ter 

f ,X?  = X F f ,  f o r r # s  

L X ?  =X?f ,+  [m,lqX,+,X?-'k, 

for r # s -1, s 

k,X:+yr = q-",+tX"?+> r t l  S SX? = q",X,"& 

S X ?  = X?k, for s # r, r+ 1. 

The special cases are f. and k.. In these cases we define 

Y,-' = em-l 

and recurrently 

y k =  ekyk+l-qyk+leh 

for k < n - 1 and it is valid 

f . X F = X ? f n  -q-"."[m,],XF-'k,'Y, 

k X >  = q Z " x > k ,  kX? = 9"rXr.k.  

FrmJ By using the relations (4)-(9) and an induction. The relations of k, directly 
from the definition (1). U 



p(k,,)lm)@ w = q""+':-l"'+n)@+(k,,)w. 

From the explicit form of the representation e we can see that it is possible to rewrite 
this representation using the representation r (3). This representation r and representa- 
tion + are faithful representations and we can formulate the following theorem. 

Theorem. The mapping T defined by formulae 

.(e,) = qN*L-N,e,+ b:b,+, 

G) =A+b:+1hk 
T(kJ = 4Np-Nr+'Kr 

for r < n  

T(e,,) = b; 

is a homomorphism from U,(sl(n+l, C)) to W%.,@U,(gl(n, C)). 
In this letter we have presented some simple generalizations of the construction of 

Fu and Ge (1992). The realizations of U,(sl(n + 1, C)) are in q-boson pairs and in the 
generators of the subalgebra U,(gl(n, C)). For using our formulae (12) recurrently to 
obtain the pure q-boson realizations it is also necessary to have an operator ~ ( k , , + ~ ) .  
Evidently from our construction it is possible to reformulate for U,(gl(n+ 1, C)) and 
after calculation we obtain 

T(h+l) = q".,,-":-INI, 

The pure q-boson realizations are a starting point (see Fu and Ge 1992) for a 
construction of the cyclic representations in the root of unity. We will study the 
properties of these representations in a forthcoming paper. 

The authors are grateful to the members of the quantum groups seminar, in Prague 
and especially Dr M HavliEek, for useful discussions. 
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